An approach to identify damage of bridge utilizing modal flexibility and neural network optimized by particle swarm optimization (PSO) is presented. The method consists of two stages; modal flexibility indices are applied to damage localizing and neural network optimized by PSO is used to identify the damage severity. Numerical simulation of simply supported bridge is presented to demonstrate feasibility of the proposed method, while comparative analysis with traditional BP network is for its superiority. The results indicate that curvature of flexibility changes can identify damages with both single and multiple locations. The optimization of bias and weight for neural network by fitness function of PSO algorithm can realize favorable damage severity identification and possesses more satisfactory accuracy than traditional BP network.
Introduction
As important components of transportation infrastructure, bridges are essential for normal operation of transportation system. However, their loading capacities are threatened by external environment (such as vehicles and temperature), which reduces the level of security service. Therefore, it is necessary to periodically monitor the health status of structure [1] . Damage identification is one of the major challenges in bridge health monitoring. It can help to evaluate the safety condition, prevent catastrophic collapse, and also provide information for maintenance [2] .
The damages of bridge can be defined as any deviation in structure's original geometric and material properties [3] . The reasons include reduction of structural stiffness, material cracks, and fatigue failure. A number of methods have been proposed in the past two decades to detect and assess the damage condition of bridge. Nondestructive methods such as ultrasonic waves, X-ray, and stress waves have been widely applied in practice considering their convenience and simplicity. Most of these methods, however, rely on a presumption of the determination of suspected damage regions and are restricted for local detection. When applied to large structures, these methods are time-consuming and costly [4, 5] .
Vibration-based damage identification methods are active in this research area, which, as compared to local nondestructive methods, does not require the a priori knowledge of damage locations. Damage can be detected based on changes in natural frequencies and mode shapes, which can be regarded as global methods. The techniques are based on the theoretical basis where damages alter the physical properties of bridge (e.g., mass, stiffness, and damping). Furthermore, the dynamic characteristics (e.g., mode shape, frequency, and damping ratios) will change. Therefore, damage location and severity can be assessed by analyzing the structure's dynamic characteristics [6] [7] [8] .
Natural frequencies are widely used as damage indicators in the early stage of dynamic-based damage detection as they are easy to obtain. However, they are verified to be insensitive to damage and susceptible to environmental changes [3, 8] . Mode shapes contain more information of damage location and are more suitable for damage identification than natural frequencies. However, it is difficult to realize the damage localizing that relies only on mode shapes data [6] . Modal flexibility has shown itself to be a promising damage indicator due to its high sensitivity to damage, because it contains the information of both natural frequency and mode shape. Pandey and Biswas [9] proposed a damage identification approach using changes in modal flexibility for the first time. In reality, it is impractical to identify all of the modes. However, the flexibility matrix can be accurately estimated based on the first few modes because it is inversely proportional to the squares of natural frequencies. Li et al. [10] applied the flexibility approach to damage identification of cantilevertype structures. Stutz et al. [11] presented a flexibility-based continuum damage detection method. Reynders and de Roeck [12] proposed a local flexibility-based approach which allowed determining the local stiffness variations directly from modal properties. It was verified by numerical simulation of damaged isostatic and hyperstatic beam and also experiments of a reinforced concrete beam. Catbas et al. [13] adopted modal flexibility for identifying structural behavior after damage which could be evaluated by inspecting the deflected shapes.
Most of dynamic-based damage identification methods can be used to identify damage presence and locations. But it is difficult to assess the damage severity. Furthermore, the computational time and costs are other challenges in damage detection. The applications of different computational intelligence approaches such as artificial neural networks (ANNs), genetic algorithm (GA), and particle swarm optimization (PSO) have been proved to be effective in damage severity assessment and improving the computational efficiency [14] [15] [16] . ANNs [17, 18] are information processing systems which mimic the network structure of actual human brain. Mehrjoo et al. [19] presented a method for assessing the damage intensities of joints for truss bridges using BP network. Natural frequencies and mode shapes were adopted as input variables. Numerical simulation was used to demonstrate the accuracy and efficiency. Min et al. [17] proposed an innovative ANNsbased pattern analysis tool which can identify damagesensitive frequency and realize the identification of damage type and severity. However, ANNs have some drawbacks, such as the low convergence speed, overfitting, and locally optimal solutions [20] .
PSO is a population based stochastic optimization technique developed by Eberhart and Kennedy in 1995, which is a new swarm intelligence technique inspired by social behavior of bird flocking or fish schooling [21] . Comparing with other soft computing tools, PSO is more efficient and requires fewer number of function evaluations, which leads to better or the same quality of results [22] . In past several years, PSO has been successfully applied in many research and application areas. Sharafi and Elmekkawy [23] proposed a novel approach for optimal design of hybrid renewable energy systems and PSO-simulation was used to solve the multiobjective optimization problem. Chen et al. [24] developed a method for reliability-based design of composite structures which was based on PSO and finite element analysis. Examples revealed that the proposed method had good stability.
In this paper, a two-stage damage identification method is proposed. Firstly, the damage location can be detected through modal flexibility indices. Secondly, ANNs are optimized by PSO for damage severity identification and the modal flexibility changes are treated as input variables. Numerical simulation is used to verify its feasibility of the proposed method.
Theoretical Background

Modal Flexibility.
For a bridge system with degrees of freedom, the flexibility matrix can be calculated by [25] 
where is the th natural frequency, is the th mass normalized mode shape, and , is the modal flexibility component.
As can be seen from (1), the modal contribution to the flexibility matrix decreases rapidly as the frequency increases. Therefore, it can be obtained by the first few lower modes in practice.
The flexibility change matrix Δ due to damage can be obtained by
where and are flexibility matrices for damaged and intact structure, respectively.
For each DOF , the maximum absolute value of elements in th column of Δ can be acquired as
can be used to locate damage for bridge structures. The curvature of flexibility changes can be calculated through second order central difference, which can be expressed as
where Δ is the length of structural element.
Neural Network Optimized by PSO
Artificial Neural Networks.
ANNs can process complex logic operations and achieve nonlinear mapping adaptively through learning. The process contains the forward propagation and back propagation. Neural network with three layers is shown in Figure 1 . A three-layer network typically consists of an input layer, a hidden layer, and an output layer. Each neuron possesses a bias, a transfer function, and an output. Neurons in both previous and subsequent layers are connected with each other. The most widely used learning algorithm is back propagation (BP) algorithm, which is a supervised learning style. In this algorithm, data are transferred forward, while errors are backward. In the process of forward, input information can be calculated through the hidden layers and finally delivered to the output layers. If the calculated results are not consistent with the expected one, then back propagation begins. Weights and bias are adjusted by prediction errors. Thereby, output results continue close to the expected ones. to as a particle. In this framework the birds, besides having individual intelligence, also develop some social behavior and coordinate their movement towards a destination [22, 23, 26, 27] . Overall scale of particle swarm is assumed to be , and the vector of coordinate position for each particle in -dimension space can be expressed by
Particle Swarm
The velocity vector can be denoted by
And the best position of individual particle is
While the best position for particles swarm can be expressed by
The iteration of best position for individual particle can be realized by
The optimal position for particle swarm is the best one for individual particle, and the iteration of velocity and position can be calculated by
The calculation flowchart for PSO algorithm is shown in Figure 2 . 
PSO-BP Hybrid Algorithm.
ANNs suffer from slow convergence and getting suck in local minima. Therefore, PSO is used to optimize ANNs in order to achieve the combination between global optimization of PSO and instructive search of ANNs. The hybrid algorithm can not only avoid the local convergence phenomenon but also improve the performance of networks [28] . The bias and weight can be adjusted through the fitness function of PSO algorithm, and its optimization process is shown in Figure 3 . In numerical simulation, damage of structure is represented by reduction in element stiffness. In this paper, the identifications with single damage location and multiple locations are conducted, respectively. As for damage identification with single location, stiffness of element 10 is assumed to drop 5%, 10%, 15%, and 20%. As for the multiple one, stiffnesses of elements 5 and 8 drop 5%, 10%, 15%, and 20% simultaneously. Natural frequencies and mode shapes for damaged and intact structure can be obtained through Lanczos modal analysis method, and the first four vertical bending modes are calculated. Natural frequencies for undamaged structure are listed in Table 1 . 
Numerical Simulation
Damage Localization Based on Modal Flexibility Indicators.
The modal flexibility matrices for structure before and after damage can be calculated by natural frequencies and mode shapes according to (1) . And modal flexibility changes can be obtained by (2) . The maximum absolute values of elements in each column of matrices of modal flexibility changes are displayed for damage localization. In order to illustrate the relationship between number of modes and identification effects, modal flexibilities are calculated by the first order mode and first four-order modes, respectively. 
Modal Flexibility Changes.
The damage localization results of modal flexibility changes using the first order mode are shown in Figure 5 . Damage localization results of modal flexibility changes using the first four-order modes are shown in Figure 6 .
As can be seen from Figures 5 and 6 , modal flexibility changes can identify the damage presence but cannot be able to identify the accurate damage locations. Curves calculated by the first order mode are consistent with that calculated by the first four-order modes.
Curvature of Modal Flexibility
Changes. Damage localization results for curvature of modal flexibility changes using the first order mode are shown in Figure 7 .
Damage localization results for curvature of modal flexibility changes using the first four-order modes are shown in Figure 8 .
As can be seen from Figures 7 and 8 , curvature of modal flexibility changes calculated by the first order mode and the first four-order modes can identify the damage locations and also qualitatively determine the damage severity. Curvature curves obtained by the first four-order modes are smoother than that by the first order mode, and oscillation at undamaged locations is smaller. However, it is sufficient for damage localization based on the curvature calculated by the first order mode, and it is more feasible in practical applications.
Damage Severity Identification Based on
Neural Network Optimized by PSO 3.3.1. Determination of Damage Indicator. Considering the simplicity of modal flexibility changes, the normalized vectors are used as damage indicators and inputs of neural networks optimized by PSO. The normalized vector can be calculated by
where is the maximum absolute value of elements in th column of Δ ; max and min are maximum and minimum values of vector ( = 1, 2, . . . , ), respectively; is the normalized .
Severity Identification with Single Damage Location.
Taking the damage identification of element 10, for example, damage severities with 5%, 10%, 15%, and 20% are selected as training samples, while 7%, 12%, and 18% are testing ones. The normalized vectors of modal flexibility changes are used as input variables of neural network optimized by PSO. The training samples for damage identification are listed in Table 2 .
Testing samples are used to verify the feasibility of optimized neural network, and the identification results are listed in Table 3 .
As can be seen from Table 3 , the maximum relative errors for neural network optimized by PSO are 2.57%. It reveals that the identification accuracy is favorable and can meet the practical requirements. The neural network optimized by PSO is suitable for damage severity identification with single damage location of bridge.
Severity Identification with Multiple Damage Locations.
Taking damage identification of elements 5 and 8, for example, damage severities simultaneously with 5%, 10%, 15%, and 20% are used as training samples, and simultaneously 7%, 12%, and 18% are treated as testing ones. The corresponding training samples are listed in Table 4 , and the identification results for testing samples are shown in Table 5 .
As can be seen from Table 5 , the maximum relative error is 6.22%. It is larger than that of identification with single damage location. The reasons are that it is more complex for the severities identification with multiple damage locations and also associated with the number and rationality of training samples.
Comparative Analysis with Traditional BP Neural Network.
In order to verify the superiority of the proposed method, comparative analysis between PSO-BP and traditional network is conducted. The identification results for severity identification with single and multiple damage locations are listed in Table 6 .
As can be seen from Table 6 , the maximum relative errors of BP neural network for severities identification with single and multiple locations are 4.00% and 12.00%, respectively. Comparative results show that the calculation accuracy of neural network optimized by PSO is better than traditional BP network. 
Conclusions
Damage identification is one of the major challenges in bridge health monitoring. We have proposed a two-stage strategy based on modal flexibility and neural network optimized by PSO for damage location and severity identification. Simply supported bridge with rectangular cross-section is selected as numerical model to verify the effectiveness of the proposed method. As for damage localization based on modal flexibility indicators, modal flexibility changes can identify the damage presence but cannot achieve acceptable identification of damage locations. The curvature of flexibility changes is more favorable for damage localizing and it is sufficient to be calculated by the first order mode.
With regard to the damage severity identification of neural network optimized by PSO, normalized vector of modal flexibility changes is adopted as input variable. Training samples for identification with single and multiple damage locations are constructed, respectively. The identification results for single damage location reveal that the maximum relative error is 2.57%, while it is 6.22% for multiple damage locations. The results manifest that it is feasible for damage severity identification using neural network optimized by PSO. Comparative analysis with traditional BP network is conducted to verify its superiority. The calculation accuracy of optimized neural network is more favorable.
